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Abstract
The deformation star product of smooth functions on the momentum
phase space of covariant (polysymplectic) Hamiltonian field theory is intro-
duced.
It is well known that, applied to field theory, the familiar symplectic technique
of mechanics takes the form of instantaneous Hamiltonian formalism on an infinite-
dimensional phase space. The finite-dimensional covariant Hamiltonian approach
to field theory is vigorously developed from the seventies in its multisymplectic and
polysymplectic variants, related to the two different Legendre morphisms in the first
order calculus of variations on fibre bundles (see [1-5] for a survey).
Recall that, given a fibre bundle Y → X coordinated by (xλ, yi), a first order
Lagrangian L is defined as a semibasic density
L = Lω : J1Y →
n
∧T ∗X, ω = dx1 ∧ · · ·dxn, n = dimX,
on the jet manifold J1Y of Y . Every Lagrangian L yields the Legendre map of J1Y
to the Legendre bundle
Π =
n
∧T ∗X ⊗
Y
V ∗Y ⊗
Y
TX,
coordinated by (xλ, yi, pλi ). It is provided with the canonical polysymplectic form
ΩY = dp
λ
i ∧ dy
i ∧ ω ⊗ ∂λ,
and is regarded as the polysymplectic momentum phase space of fields.
1
The multisymplectic momentum phase space of fields is the homogeneous Leg-
endre bundle
ZY = T
∗Y ∧ (
n−1
∧ T ∗X),
coordinated by (xλ, yi, pλi , p) and equipped with the canonical multisymplectic form
dΞY = dp ∧ ω + dp
λ
i ∧ dy
i ∧ ωλ.
The relationship between polysymplectic and multisymplectic phase spaces is given
by the exact sequence
0→ Π×
X
n
∧T ∗X →֒ ZY → Π→ 0,
where ZY → Π is a one-dimensional affine bundle. Given a section h of ZY → Π,
the pull-back h∗ΞY is a polysymplectic Hamiltonian form on Π.
It seems natural to generalize a Poisson bracket in symplectic mechanics to
polysymplectic or multisymplectic manifolds in order to obtain the covariant canon-
ical quantization of field theory. Different variants of such a bracket have been
suggested (see the recent works [6,7]). The main difficulty is that the bracket must
be globally defined, i.e., maintained under the bundle coordinate transformations.
Let us assume that a fibre bundle Y → X is affine. All realistic field models are
of these type, and only vector and affine fields are quantized. One can introduce the
bilinear differential operator
∆µ : (f, f
′) 7→ f
↔
∆µf
′ = ∂iµf∂if
′ − ∂if∂
i
µf
′
on smooth functions f, g ∈ C∞(Π) on Π [8]. Let X be provided with a nowhere van-
ishing vector field ϑ. This condition implies the existence of a pseudo-Riemannian
metric g on X such that integral curves of ϑ are time lines with respect to g. Let
us consider the operator
∆ : C∞(Π)× C∞(Π)→ C∞(Π),
∆ : (f, f ′) 7→ f
↔
∆f
′ = f [
↔
∆µϑ
µ]f ′. (1)
If X = R, then ϑ = ∂t and ∆ (1) is the canonical Poisson bracket in Hamiltonian
time-dependent mechanics [9,10].
Therefore, by analogy with the well-known Moyal product on symplectic mani-
folds, one can introduce the associative star product
f ∗ f ′ = f exp{−
ih¯
2
↔
∆}f
′
2
and the bracket
[f, f ′] = f ∗ f ′ − f ′ ∗ f
of smooth functions on Π. This bracket provides deformation quantization of the
momentum phase space of classical fields Π. Similarly to the familiar quantization in
instantaneous Hamiltonian field theory, this deformation quantization is tangential
to the integral curves of the vector field ϑ, i.e., to the time lines.
References
1. M.Gotay, A multisymplectic framework for classical field theory and the calcu-
lus of variations. I. Covariant Hamiltonian formalism. In: Mechanics, Analysis
and Geometry: 200 Years after Lagrange (North-Holland, Amsterdam, 1991).
203-235.
2. G.Sardanashvily, Generalized Hamiltonian Formalism for Field Theory. Con-
straint Systems (World Scientific, Singapore, 1995).
3. G.Giachetta, L.Mangiarotti, and G.Sardanashvily, New Lagrangian and Ha-
miltonian Methods in Field Theory (World Scientific, Singapore, 1997).
4. M.Gotay, J.Isenberg and J.Marsden, E-print arXiv: physics/9801019.
5. G.Giachetta, L.Mangiarotti and G.Sardanashvily, Covariant Hamilton equa-
tions for field theory, J. Phys. A 32, 6629 (1999); E-print arXiv: hep-
th/9904062.
6. I.Kanatchikov, E-print arXiv: hep-th/0112263.
7. M.Forget, C.Paufler and H.Roemer, E-print arXiv: math-ph/0202043.
8. G.Sardanashvily, E-print arXiv: hep-th/9903220.
9. L.Mangiarotti and G.Sardanashvily, Gauge Mechanics (World Scientific, Sin-
gapore, 1998).
10. G.Sardanashvily, Hamiltonian time-dependent mechanics, J. Math. Phys. 39,
2714 (1998)
3
